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Abstract. The dynamics of Quark-gluon plasma (QGP) as a lump of deconfined free quarks
and gluons is elaborated. Based on the first principal we construct the Lagrangian that
represents the dynamics of QGP. To induce a hydrodynamics approach, we substitute the gluon
fields with flow fields. As a result, the derived equation of Motion (E.O.M) for gluon dominated
QGP shows the form that similar to Euler equation, and the energy momentum tensor also
represents explicitly the system of ideal fluid. Combining the E.O.M and energy momentum
tensor, the pressure and energy density distribution as the equation of states are analytically
derived.
1. Introduction
Recent experiments on heavy-ion collisions show a strong indication that hot dense deconfined
phase of free quark and gluon, the so called quark-gluon plasma (QGP), is conjectured to
exist. The study of QGP itself has been carried out through a number of different approaches
in the previous works. Some results of these studies were obtained in the framework of
quantum chromodynamics (QCD) theory by utilizing the lattice gauge calculation [1, 2]. Other
calculations of QGP were based on the relativistic hydrodynamics approach [3, 4]. In the latter,
the QGP could be either quark [4] or gluon [3] dominated matter. For the quark dominated
approach, a very small ratio of shear viscosity over entropy is required to get a good fit of the
spectra of transverse momentum, energy density distribution and other physical observables
that are obtained from experiments [5, 6, 7, 8, 9, 10]. On the other hand, the gluon dominated
plasma motivated by the discoveries of jet quenching in the heavy-ion collision at RHIC indicates
the shock waves in the form of Mach cone [11, 12]. The present paper adopts the so-called fluid
QCD model [14, 15] to produce the equation of motion and energy momentum tensor for quark
and gluon in a lump of QGP, and subsequently to investigate the distribution of the pressure
and energy density.
This paper is organized as follows. In Section 2 the fluid QCD model is briefly revisited, and
the energy momentum tensor for ideal fluid is derived. Then, it is followed by the derivation
for the equation of state and the explicit expression of gluon field in Section 3. Finally, the
summary and discussion will be given in Section 4. Throughout this work, we use the natural
units, i.e, h¯ ≡ c ≡ 1.
2. Model
The Lagrangian of QGP that describes the unification of fermions and bosons from different
gauge groups with preserving SU(3)F ⊗U(1)G gauge symmetry can be written as [13, 14]
L = iQ¯γµ∂µQ−mQQ¯Q− 14SaµνSaµν − 14FµνFµν + gFJaFµUaµ + gGJGµAµ, (1)
where Q and Q¯ represent the quark and anti-quark triplet, γµ is Dirac gamma matrices, and
mQ is the mass of quark. The factor
1
4
SaµνS
aµν is the gauge invariant kinetic term of gluon field.
The gluon field strength tensor itself is expressed as Saµν ≡ ∂µUaν − ∂νUaµ + gF fabcU bµU cν . In the
latter, Uaµ indicates the gluon field, gF is the strong coupling constant, and f
abc is the structure
constant of SU(3) gauge group. The kinetic term for gauge boson Aµ is built inside its field
strength tensor, i.e., Fµν ≡ ∂µAν − ∂νAµ. The last two terms of Eq. (1), JaFµ = Q¯T aF γµQ and
JGµ = Q¯γµQ, represent the quark currents from the SU(3) and U(1) gauge groups, respectively,
whereas gG denotes the coupling constant from U(1) gauge group.
The QCD Lagrangian in Eq. (1) is constructed with a purpose to reproduce the energy
momentum tensor that has the same form as the energy momentum tensor of an ideal fluid [13].
In the succeeding step, the gluon field Uaµ , that is designed to act as the flow field in the system
is proposed to be formulated in a configuration that inherently contains the relativistic flow. It
is formulated as Uaµ = (U
a
0 ,U
a) ≡ uµφa [14, 15]. Here, φa is the dimension one scalar field, and
uµ ≡ γ(1,v) is the relativistic velocity, with γ = (1− |v|2)−1/2.
This formulation provides a clue that a single gluonic field Uaµ may behaves as a fluid at
certain scale, beside its conventional point particle properties with a polarization vector ǫµ in
the form of Uaµ = ǫµ φ
a. One can then consider that there is a kind of “phase transition”,
hadronic state︸ ︷︷ ︸
ǫµ
←→ QGP state︸ ︷︷ ︸
uµ
.
As the gluon field behaves as a point particle, it is in a stable hadronic state and is
characterized by its polarization vector. On the other hand in the pre-hadronic state (before
hadronization) like hot QGP, the gluon field behaves as a highly energized flow particle and the
properties are dominated by its relativistic velocity.
The field Uaµ is actually analogous to the gauge boson from U(1) gauge group in particle
physics, where the polarization vector ǫµ from the free photon solution ∼ ǫµ exp(−ipµxµ) is
replaced by the 4-velocity uµ. Recall that the wavefunction U
a
µ for a free particle satisfies
[gµν(∂2 + m2) − ∂ν∂µ]Uaµ = 0 with solution Uaµ ∼ ǫµ φa exp(−ipµxµ). For a massive vector
particle, m 6= 0, we have no choice but to take ∂µUaµ = 0. It is not a gauge condition like
the case of massless particle. This then demands pµǫµ = 0. The number of independent
polarization vectors is reduced from four to three in a covariant fashion. However, one can
still perform another gauge transformation to the massless Uaµ which makes finally only two
degrees of freedom remain. Therefore, one should keep in mind that in the present model the
spatial velocity has only two degrees of freedom, that means one component must be described
by another two vector components.
Further, when Euler-Lagrange equation is applied to Eq. (1) one obtain
∂
∂t
(γvφa) +∇(γφa) = −gF
∮
dx(JaF0 + F
a
0 ) , (2)
where JaF0 denotes the covariant current originating from the quarks that are surrounded by and
interact with the gluon ”fluid”, while the term F aµ is induced by the fluid self-interaction and the
interacting gauge fields Aaµ. Equation (2) is considered as the general relativistic fluid equation
for single gluon field Uaµ , since in the non-relativistic limit, i.e. φ
a ∼ 1 and γ ∼ 1+ 1
2
|v|2, Eq. (2)
transforms to the classical equation of motion of fluid dynamics [14]
∂v
∂t
+ (v · ∇)v = −gF
∮
dx(JaF0 + F
a
0 ) |non−rel . (3)
This shows that from a certain point of view the Lagrangian describes a general relativistic fluid
system interacting with another gauge field and the matter inside. The flow characteristic that
appears in the equation of motion comes from the contribution of gluon field Uaµ . This fact
indicates that the system we are working with is a gluon dominated QGP. In such system the
terms that do not contain gluon field may be omitted. As a consequence we have
L = −1
4
SaµνS
aµν + gFJ
a
FµU
aµ . (4)
The Lagrangian given by Eq. (4) describes the kinetics of gluons, the self-interaction of gluons,
the self-interaction between small number of quark and anti-quark, and the interaction between
quark with gluon ”fluid”. Electromagnetic interaction also exist in the system, but the scale is
suppressed due to its tiny value compared with the strong interaction. From the Lagrangian
given in Eq. (4) we can derive the energy momentum tensor [17]
Tµν = 2√−g
δ(L√−g)
δgµν
= SaµρS
aρ
ν − gµνL+ 2gFJaFµUaµ
= [2gF gµνJ
a
FµU
aµ + g2F f
abcfadeU bµU
c
ρU
dρU eν ]
−[gF gµνJaFµUaµ −
1
4
gµνg
2
F f
abcfadeU bµU
c
νU
dµU eν ] . (5)
The factor JaFµU
aµ in Eq. (5) might be expressed in a more elementary form. To this end, we
can start with the assumption that the solution of the Dirac equation for single color quark is
in the form of Q(p, x) = q(p) exp(−ip · x). By inserting this solution to the Dirac equation,
i.e., (iγµ∂µ −m)q(p) exp(−ip · x) = 0, and multiplying with the anti-quark solution, we obtain
q¯γµq = 4pµ. Since J
a
Fµ = Q¯γµQT
a = q¯γµqT
a = 4pµT
a, and Uaµ = uµφa, we finally obtain
JaFµU
aµ = 4mQT
aφa. Note that we have utilized uµu
µ = 1 along with the assumption that all
quarks and anti-quarks have the same momenta Pµ and that the velocities of all gluons and
quarks are homogeneous. Thus, the energy momentum tensor in the function of field φa reads
Tµν = [8gFmQT aφa + g2F fabcfadeφbφcφdφe]uµuν
−[4gFmQT aφa − 1
4
g2F f
abcfadeφbφcφdφe]gµν . (6)
With this form, Tµν is obviously describing a system of perfect fluid. Further, we assume that
the gluon color states are homogeneous, i.e., φa = φ for all a = 1, · · · , 8. As the follow-on to
this assumption, the generator T a can be compactly written as T =
∑
a T
a and the 2nd and 4th
terms of Tµν can be omitted due to the completely anti-commutative property of the structure
constant fabc. The energy momentum tensor then reduces to
Tµν = (8TgFmQφ)uµuν − (4TgFmQφ)gµν (7)
It reveals the collective gluons flow in the system. Therefore, we can temporarily summarize
that the system represents an isotropic homogeneous perfect fluid of gluon dominated QGP.
Further, to discuss the dynamics of glue lumps, it is also plausible to take the gluon as a field
that independent of time, φ = φ(x). If we compare Eq.(7) with energy momentum tensor of
ideal fluid Tµν = (E +P)uµuν - Pgµν , it becomes obvious that
E = P = 4TgFmQφ. (8)
Here P and E denote the isotropic pressure and energy density for fluid field, respectively. Or,
in currently discussed topic, it is the energy density and pressure distribution in the lump of
gluon dominated QGP.
3. Expression for distribution field
The expression for the scalar field φ can be obtained by deriving the solution of Eq. (3). After
applying the assumption of the gluon homogeneity, the equation can be expressed as follow.
δ∂trφ+ γ∂rrφ+ ξ + βφ∂tφ+ βφ∂rφ− λ∂tφ− λ∂rφ = 0, (9)
with δ = γ|v|, ξ = gF Q¯γµTQ , β = iγ2|v|2, λ = (gG/gF )Aγ, and γ = (1 − v2)− 12 . For a
simplification but stay relevant, the pressure and energy density distribution of the lump of
QGP is assumed to depend only to r, it is φ = φ(r), and ∂r → dr. So the term that involve the
derivative of t is vanished.
γdrrφ+ βφdrφ− λdrφ+ ξ = 0, (10)
The solution for this equation is
φ =
(
2γ
(exp[ rλ
2γ ]Λ1[x]
2γ
−
exp[ rλ
2γ ]βξΛ2[x]
21/3γ2(−βξ
γ2
)2/3
+
(exp[ rλ
2γ ]Λ3[x]
2γ
−
exp[ rλ
2γ ]βξΛ4[x]
21/3γ2(−βξγ2 )2/3
)
C2
))
×1/
(
β
(
exp[
rλ
2γ
]Λ1[x] + exp[
rλ
2γ
]Λ3[x]C2
))
.
(11)
When we substitute δ, ξ, β, λ, and γ back to the equation, then φ appears as
φ =
( 2√
1− v2
(exp[ rgA
2
]Λ1[x]
2/
√
1− v2 −
exp[ rgA
2
](iv2ξ)1/3Λ2[x]
21/3
+
(exp[ rgA
2
]Λ3[x]
2/
√
1− v2 −
exp[ rgA
2
](iv2ξ)1/3Λ4[x]
21/3
)
C2
))
×1/
( iv2
1− v2
(
exp[
rgA
2
]Λ1[x] + exp[
rgA
2
]Λ3[x]C2
))
. (12)
0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
0.6
0.8
k = 1
k = 0
k = -1
P
( 4
    
   )
( G
eV
 fm
   )-3
r (fm)
-
1
pi
λ
Figure 1. Pressure inside QGP-lump in the function of radius
Here,
Λ1[x] =
1
31/6Γ[2
3
]
+
31/6x
Γ[1
3
]
+
x3
6(31/6Γ[2
3
])
+
x4
4(35/6Γ[1
3
])
+O[x]5 ,
Λ2[x] =
31/6
Γ[1
3
]
+
x2
2(31/6Γ[2
3
])
+
x3
35/6Γ[1
3
]
+
x5
30(31/6Γ[2
3
])
+O[x]6 ,
Λ3[x] =
1
32/3Γ[2
3
]
− x
31/3Γ[1
3
]
+
x3
6(32/3Γ[2
3
])
− x
4
12(32/3Γ[2
3
])
+O[x]5 ,
Λ4[x] = − 1
31/3Γ[1
3
]
+
x2
2(32/3Γ[2
3
])
− x
3
3(31/3Γ[1
3
])
+
x5
30(32/3Γ[2
3
])
+O[x]6 ,
and
x =
−i2v2(ξr + C1√
1−v2
) + g2A2
24/3(−iv2ξ)2/3
So far this non-trivial solution is well expressed. But to have a firm solution, some adjustment
still need to be carry out at the future works. While for the rest, we will explore the expression
for pressure and energy density in the system of gluon dominated quark-gluon plasma.
4. Summary and Discussion
Return to Eq. (8), E = P = 4TgFmQφ, the energy and pressure can be expressed as follows [16]
ρ = P =
∫
Ed4x =
∫
Pd4x = 4TgF fQmQ
∫ ∫
φdtdV , (13)
where E and P denote the isotropic pressure and density for single fluid field, respectively.
By adopting FRW geometry as the background and do integration on the spatial dimension,
Eqs. (13) read
ρ = P = 4πλ
∫
R3φdt
∫
r2dr√
1− kr2 . (14)
Here we have used dV = (R3r2sinθ)/
√
1− kr2drdθdϑ, and λ = 4TgF fQmQ. Further, if we
assign
∫
2pi
0
∫ pi
0
∫
dV = 4π
∫ r2dr√
1−kr2
as ζ, then the expression for P and ρ can be written as
P = ρ = λζ
∫
R3φdt. (15)
In a case when r is constant, p = ρ ∝ φ(t)dt, and also if φ(t) ∝ 1/t, Then one arrive at
P = ρ ∝ λζR3/t. It indicates that the pressure and energy in the system decrease asymptotically
following the increases of time.
Figure 1 shows the total pressure inside the QGP-lump as the function of radius. It is drawn
for the simplest condition, where φ is assumed as a constant, and the scale factor R = 1. While
k = 1, 0,−1 represent the space-time curvature that describe the close, flat, or open space-time
that analogous to the close, flat, or open universe. One of the obvious property that appears
here is the equation of state P/ρ = 1. Such a ratio can indicates that in this model the QGP
exist within radiation state. This estimate comes from the fact that in general the prerequisite
condition for the radiation state is P ∼ 1/3ρ, and P/ρ is getting smaller along the transition
from radiation state to matter state.
Finally, the study revealed observables which should be accessible through heavy ion
collisions experiments at the RHIC and LHC. With currently proposed calculation results, such
experiments are in future expected to become a reference for adjustments and verifications of
the dynamics theory of macroscopic behavior of QGP.
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